. . This bit might not quite be correct! BH formation might be direct (i.e. sans DIAMETER
Cosmology: Structure and Evolution of Stars supernova) for stars above about 40 solar masses. 10" Kk 1SOLAR
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Protostars form from the gravitational collapse of gas and dust within nebulae or molecular clouds into rotating balls of € xepLERZ28 3
(mostly) high temperature gas. If the protostar mass is less than about 0.08 solar masses, its core temperature is insufficient for ;ﬁq §
nuclear fusion of hydrogen. But if deuterium fusion is theoretically possible, these protostars will eventually be classified as o i ] 538
Brown Dwarfs. These will shine dimly (mostly in the IR spectrum), and fade away slowly over hundreds of millions of years.
» EVOLVES INTO.. FORMS WITHIN.. 30
M, =1989%x10" kg
If the protostar mass is less than about 8 solar masses (but more than 0.08), the core temperature will eventually reach about Nuclear fusion within a star will result in radiation
10 million K, which is sufficient for the p-p chain reaction to initiate hydrogen fusion. This forms a low-mass star (like our pressure from the emitted photons. For stars above Ry =696,340km
Sun), which, after billions of years of stability, will eventually swell to a red giant and eventually dissipate, leaving a white dwarf about 120 solar masses, radiation pressure would be so |7, =3.846x10* Js™
(not really a star any more since fusion ceases) and ultimately a black dwarf. Unless the red giant forms a binary with a white extreme that gravitational stability is though to be N
dwarf and transfers mass such that the white dwarf exceed 1.44 solar masses. This results in a Type 1a supernova, with no unlikely. Although perhaps exceptions exist! T, =5778K
remnant. Chandrasekhar limit AU =1.496x10" m
HQ OH HQ OH If the protostar is over 8 solar masses, it forms a massive star, which will eventually So star masses (excluding Black Holes) should be v =9.461x10"
\/ \/ swell to form a red (or perhaps blue) supergiant. Nuclear fusion progresses from within the range of 0.08 and about 120 solar masses. y=-
W N hydrogen to heavier elements as its internal temperature increases, until it reaches iron.
l v l v Iron fusion produces no net energy output, so thermal pressure is insufficient to counter Radiation produced from nuclear fusion in the core of a star will
H HQ P+ gravitational collapse. If the star is less than about 40 solar masses it will undergo a be constantly reabsorbed, so it can take a long time for these ]y
\ / \ / Type Il supernova*. Above this mass, it is theorized that the star will collapse directly to photons to escape. The total about of radiative power of a star
a Black Hole without a supernova. If the star is less than about 20 solar masses, the is called its luminosity L. If the effective temperature is 7,
V'/i i\‘\’ core of the supernova remnant will form a neutron star. If this is highly magnetized and and the star radius is R - *
@oie @ 5o and 0 soer masees. the it vl undergo = Type h Supernova i o e e e
, go a Type |l supernova and the remnant surface temperature!
will collapse to form a Black Hole. A supermassive black hole (millions of billions of k, =1.381 x10 ®m’kes 2K Boltzmann's constant
solar masses) will accrete rings of gas, and can produce intense jets of EM radiation. — ,
™\ Most galactic centres are thought to be supermassive black holes, and o= 27k, h=6.626x10"m’kgs" Planck’s constant
HQ JH electromagnetically active ones are called quasars. - 1543 c=2.998x10°ms” Speed of light
® Frovn He \‘\) *The en.ergy in this violent supernqva process may be sufficient to o =567 %10 Wm2K" Stefan-Boltzmann constant
) Neutron Gamma ray Y AlH <2 e o 4H 2y synthesize heavier elements than iron.
Positron Neutrino V

releasing 26.73 MeV of energy, some of which is lost to the neutrinos. Physics topic handout — Cosmology: Structure and evolutions of stars Dr Andrew French. www.eclecticon.info PAGE 1
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Stars in the Main Sequence

Once a star has formed, i.e. nuclear fusion commences in its core, a star will typically exist in a quasi-static state

https://chandra.harvard.edu/edu/formal/variable_stars/bg_info.html

Hertzsprung-Russell (HR) diagram
Temperature (Kelvin)

. ; . ” ’ ' . ) o 30,000 10,000 5000 3000
in what is known as the Main Sequence (MS) for a time 7z which depends on the ratio of its mass M to its luminosity L. 0 T T T T T
v )L If one plots a log, log graph of luminosity vs effective temperature, (this is called sf "S!‘p‘f'g'a'?ts' " 4 10,000
r~10" yrx| — || = A Hertzsprung Russell diagram) most stars are clustered along a diagonal line. .
Mo L(3 This is the MS. At later stages of stellar evolution, stars will ‘meander’ 5 : it | 100 ) X
is off the MS and branch off to giants, (or supergiants) and then possibly Absolute | “Giants Luminosity Ejnar Henry Norris
Loc M white dwarfs.(or black holes). Magnitude £ (Sun=1) Hertzsprung Russell
s 5 110 (1873-1967)  (1877-1957)
M) .
10 ;
ST~10 x| —— | ——} Somore : ,\ ‘
T M > massive stars Evolution of a 1 Me star o S A - o0 Hertzsprung-Russell diagram for 45346 near stars
[©) 9000 8000 7000 6000 5000 4000 3000 - x
have muph_ 04 ; : . - ; : T10 White dwarfs . 6
https://en.wikipedia.org shorter lifetimes - O +5
[wiki/Main_sequence Planetary nebula ost- 0 B F G K M 4
#Evolutionary_tracks and white dwarf Asymptatic Spectral Class _
& b gia;\t __; 27 i
103 & ranc i PP =
& i =
The surface temperature of a star is S The _MS correlation means L can l?e R f
related to the wavelength of the peak of the & predicted from 7, (assuming a staris 2 2 Apioxdimate the
spectrum of solar irradiance (i.e. the Planck 3 ) in the MS), which means both the cc?r?elation
spectrum). The latter (i.e. ‘colour’) can be Zotl K I Red 1102 radius and the distance to the star d
measured for stars, and hence effective é " horizantal [ clump can be calculated. The latter can be
temperature 7, can be calculated. E branch ;* g giant found by measuring the radiation flux -6 — " 0.2 0 02 0.4
3 e i branch H ’ | ’ .
10° Solar Irradiance vs Wavelength ! ® (in W/m2) from a star by an Earth or -log, ,(T/ 5772 K)
10X - i i . - ! . near-Earth telescope.
—— T =4000K E
T = 5000K . he Find star surface temperature from peak
8 / T =6000K pubgiant T Tor il e— | ™ of Planck spectrum for star.
. | 4.9651k, A
E [
& 3 £ L L
E 6 I Main sequence L =4nR> 4 = L O = =,
=47R yoT > R= |————
s , AOLe 4myoT? 4nd’ 470
[
[5) PR L PR —— i i i 1
S 4 | 9000 suluu 7D‘DU ED‘DD 5DIDD au‘uu 3000 . . . Find distance to star if know
5 Calculate star radius from luminosity L
g Temperature (K) . the luminosity and measure the
E and effective temperature. radiation flux
2l | 6 «10*  Luminosity vs mass for MS stars Note emissivity y might not be 1 for all stars.. .
o — Empirical Effective temperature vs mass for MS stars
— — 5l - - UL =578MM_ )’ 45¢ T T
% 500 1000 1500 2000 i T Empirical Iuminc_)sity vs star mass relatiqnship 4 Observe effective temperature
Wavelength /nm For MS stars, using measurements from binary star systems vs mass is fairly linear
35 for low mass stars
o 27°k 023(M/M )" M/M_ <043
[=[ B(ATMi=0T", ="~ J 23(M/M,) /Mo <0 N
3 4
) 15¢’h - L (M/M,)" 043<M/M, <2 525
2hc 1 — |7 s [ Using approximate
B(/LT): 2 e Ly 1.4(M/MO)4 2<M/M <55 ¥ M correlation from HR
QT 15¢ diagram combined with
e 1 32’000M/Mo M/Mo >55 .l empirical luminosity vs
6 mass relationshi
4 o he 29x10°nm https://en.wikipedia.org/wiki/Mass%E2% 05 P
X 4.9651k.T (T/K) 80%93luminosity_relation 5 10 15 20
? MIMsun

c=5.67x10"° Wm>K™

c=2.99%x10°ms”

k, =1.38x107 JK"
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Physical properties of the interior of (Main Sequence) stars: Polytropic, ideal gas model 0<r<R

p Gravitational force between
We can describe a quasi-static, spherically symmetric star using the following set of differential equations. am _ 4zp?p | Sum spherical \’r/" mass or radius rand shell of
dr R
m

shells width dr above it. For
Boundary conditions: equilibrium, this must be
d—m = 4711”2 Mass build up via spherical shells i d—P =— Gmp Newton’s law of balanced by gas (and
R R 2 ot
dr \p M= J' dm = J' 41> pdr dr, r Gravitation. radiation) pressure x shell
0 0 area.
dP _ Gmp Hydrostatic equilibrium between gravity 2 " '\
- 2 and gas (and radiation) pressure L=4nRoT dP=— ar - dF = Gm
dr r < Note 7, is not the a2 2 x
dl . . L / Assume emissivity same as surface
2 Power per unit area of internal shell inside star B temperature!
—=dxr pPE generated via nuclear fusion s unity )

dr
4? " Pressure can be modelled by the ideal gas

_ . . Let us model a star as a polytropic gas with pressure vs density variation _ P equation (force per unit area results from
£is the energy generated per unit mass via P=F|— random collisions between molecules) and

nuclear fusion (excluding neutrino production, T T T T T T T T T T T T T T T y/ o ;
which is assurn(ed to Ieag\;/e the starpand not interact : Rocky planets have a fixed density so 7 = 0. : - radiation pressure (compressive effect
with higher radius layers). | Neutron stars are modelled with n between 0.5 and 1. I FR?IS‘UItt_mr? frlom‘leplEgt;)lncg‘ r’ardl(z;.tl?'n,nltsf th
| Red giants, brown dwarfs, gas giant planets (like Jupiter) | ngei?slglf)p us ‘black body' radiation or the
- i = |
For low-mass, low temperature stars the pp-chain ar.wd also low mass white dwarfs have n = 1.5. I
is the primary mode of nuclear fusion | Higher mass white dwarfs and MS stars have n = 3. I p= pk,T + 4o T
— | n =5 implies an infinite radius. | Inputs are just N r 3¢ ¥~ Radiation
&= 77pr oT :n = infinite implies an isothermal sphere (e.g. models a | M XY - pressure
globular cluster of galaxies). I /'
I— ——————————————————————————— I Ideal gas k. =1.38x102 JK!
For higher temperatures, the CNO cycle is possible https://en.wikipedia.org/wiki/Polytrope L from MS empirical 5o
’0s formulae
| &=Neno XX cno pT”| \ Average molar mass of star matter

depends on hydrogen (mass) fraction (X),

. For the §|mplgst m9del of a MS star we will assume the same R= and Helium fraction (Y). The remainder
And for even higher temperatures the triple alpha polytropic relationship thought the star, so P, and p, correspond to (2) is known as ‘metallicity’.
fusion reaction can occur the core of the star at » = 0. More sophisticated models may involve distinct
e=17 Y3p2T40 Note very strong radial regions, such as a helium core surrounded by hydrogen ‘burning’ shells. We often assume star interiors are fully ionized.
= T dependence!
3He+ ‘Z‘He N jBe+ y We will also assume the star is an ideal gas, and we can ignore radiation pressure. X+Y+Z=1
4 8 12 -1
‘He+ %Be > 2C+y s p=m,(2X+3Y+1Z) .
p pokBTo p|" The Lane-Emden model can be , , i
. L . = —_ —> [ [ Lu=m (2X+3Y+i(1-X+Y
Beyond this, fusion involving carbon, oxygen and y7i P, used to determine th.e mass, pressure, density H 1’( 4 2 ( )
. . . L= 0 and temperature variations with radius. 0
eventually silicon is possible. But when iron is (See next page!) Lpu=m (1X+1Y+L)
produced, fusion is no longer possible in a star. To T= Pu page: LAY a2
synthesize heavier elements you need a supernova! - k P 4mp
: ; : B Npu=——"=L— > <u<
Note as T increases the fraction of net fusion energy ** The idea is to count the ionized particles per nucleon. Hydrogen H 6X+Y+2 0.5<u=2
carried away by neutrinos increases. produces two (e + p*), Helium produces three
( 2e” + He?*) of four and one assumes most ‘metals’ are approximately
; For the Sun X =0.747,Y =0.236,Z =0.017
Fuel Process Y?hwah (K) Products E/nucleon?® (MeV) Timescale® (yr) equal numbers of protons and neutrons. ’ ’
i D ~ 4 10 e 6.55 , , _ S p=0.6m,
H CNO 15 % 107 He 6.25 1% 107 So assuming all particles have the same KE (and hence contribute
He u'i]-)le o 1 « 108 o O 0'61 15 106 equally to the ideal gas pressure), the mass of this particle is the
- ) h ' : proton mass / number of ionized particles per proton (or neutron).
C C+C 6 x 10° 0, Ne, Na, Mg 0.54 300
0 0+0 1% 10° Mg, S, P, Si ~0.3 0.5 https://vikdhillon.staff.shef.ac.uk/
Si Nucl. equil. 3 x 10° Co, Fe, Ni 0.2 0.005 (2 days!) teaching/phy213/phy213_molecular.html

23 27 4 q
Molar mass of a proton 71, = 6.0221x107 x1.6726x10™" kgmol~ ~1.007 kgmol Physics topic handout — Cosmology: Structure and evolutions of stars Dr Andrew French. www.eclecticon.info PAGE 3
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Lane-Emden model of a polytropic star
Hydrostatic

equilibrium
di = Gmp P ap n 0<r<R between gravity
dr 72 and gas (and
diation) pressure
P 1 T ra
m:_idi ra(n+ jpn dp
Gp dr Gp\ n dr
—_—= 471'1’2,0 Mass build up via spherical shells
r
a(n+1\d|( , Ladp 2 kT -t
R —|r F R i 47[]” —_B70 n
G( n jdr[ L dr » a y Po
1 df , %,1 dl _ 4nG( n if assume
rpdr dr a \n+l Ideal gas

Define another set of variables

p=p0,r=ay

2 _I-lpl-n

Where the core density at =0 (and 6=1)is 0O,

L df g, 40" 47G nj

Catylp,0" dy 0 *dy a \n+l
1 d

Ll pig g 49 :_MG[ ; j“zpﬂ”
v dy dy a \n+l
-

1 d( ,d0)| 4zG( 1 ) "
L= a p, "0
v dy dl,z/ a \n+l1

At the centre of the star
r=0,p=p,, 0=1
r=ay=>y=0

At the surface of the star
r=R, p=0,y =y,
p=pbf =60=0

47Z-G 1 2 1-1
a p,”
a \n+1

Let’s define constant o such that: 1=

a(n+1) ., kT, - .
o= . "(n+1)p;
““N 4z P \/47szp0 (1)
:\/an (n+1) . AnGupa’ _ 4G up,R’
47Gup,  ky(n+l)  ky(n+Dy?

https://en.wikipedia.org/wiki/

This is called the
Lane-Emden equation

Hence: Li[

2 dﬁj L
y" dy

dy

Some analytic solutions exist (n =
But it can also be solved via a numeric method.

, do
=y — =
S=—y dy

o ¢

dy vy

Therefore the Lane-Emden
equation becomes

Define

A first-order ‘Euler’ solution method is:

w,=0,&=0,0,=1, Ay =0.001
Via =Y, +Ay
0.5

AE =yi0' Ay
§i+l :§i+A§ b

& 0
AHZ——ZAI//
em =01.+A9

0
Terminate iteration when v

J.H Lane, R. Emden

0,n =1, n =2 and in certain regions, n = 5),

ﬁ — l//Zgn
dy

Solution to Lane-Emden equation

333333
womowononon

Ok WN =0

Lane%E2%80%93Emden_equation

| Neutron stars are modelled with n |
| between 0.5 and 1. :
| Red giants, brown dwarfs, gas I
: giant planets (like Jupiter) |
| and also low-mass white dwarfs |
| have n=15. |
| Higher mass white dwarfs and MS I
| stars have n=3. :
l'p=s implies an infinite radius. I
: n = infinite implies an isothermal |
| Sphere |

.. Although for n =4 or n =5 this may result in an Some Y 12 o _ _
infinite loop. A practical method is to set a sensible special n=0:10=l-gy dy vo =6
upper limit such as v, <10 cases: i —si
Calculating mass vs radius . v v \

P If we restrict n to 3 or less

m n i.e. modelling most star types) then n 0 1 2 3 4

L _ _ (i.e. mo g yp

dr s |p=pl r=ay have a finite radius and mass. v B 7 435 689 1497 oo

o . . .

o, dm . r=R, m=M, =0,y =

~~$7 =4na’y’ p,0 Y=Vo 20 o5z 241 2020 180 17
v , do R dy,,

. . A=yl M=d4ma’p A R=ay,

om=4ra Pofo ¢ 0"d¢ Yy, P 1 iz* 1140 5416 62192 «
29" = d » do The average density is p= L ’
VO S S Y P B
o M _dmdpA 3pA | TR TP TP
m=—4r’p, [ , (¢ ]J¢ - izR indly, Ve
de 3 47Z'G,up0R Compute
7 e v o R=ay, =T, =————5| core density

\m=dna’ p l,V b = = 5 This is called kB (n + 1)[//0 and temperature

0 dy P the ‘condensation’ from M, R

G=6.674x10" m’kg's>

Universal gravitational constant
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Mass vs radius relationship for polytropes

P=apl+%
Reay n o 1 2 3 4 5
- 0
M =4 pA v, J6 oz 435 689 1497 o
_ 240 —gﬁ 26 x 241 202 180 17
0 vl, ve
Py _Vo 2 1 127 1140 5416 62192 oo
5 3A P
Y a(n+1) o n 1.5 3
“\"anc v,  3.65 690
—y/gﬁ 271 2.02
dl//%
£ 599 5416
P
R =a’y,
Rz_a(n+1) 2
4G 70

47G | 3A

1
3 1 31 1
R= a(n+1)(l//oJ (%71’)177(//; ;‘[%ﬂ

Wl

a(n+1)(y; ! o,
R=| —Z| 7o " M
e YN

This is undefined for n =3

Radius vs mass
relationship
for a polytropic star

Careful!

a may vary with M
and R, so

not a particularly
useful equation

in itself ...

*

If n = 3 then fixed mass given polytropic constant a

-l 3-1

a(3+1) [//3 ; -1
M=| | Zo | (4)7
47G | 3A (57) ws
3
2 \2
M= ”—1+§X2§X3T§ﬂ
M = 7z'7%><2§a—Ai
G
M=(ztx2t\al 2]
(w2} 2]

This gives the Chandrasekhar mass

T, limit for white dwarfs (calculate a
from a model of degeneracy
pressure)

An /3 he ’ Subrahmanyan
M= [ T ] ~ 1-44Mo Chandrasekhar
w32\ G’ (1910-1995)

For a MS star model (ignoring radiation pressure)

* Inputs are star mass, hydrogen and helium mass fractions and polytropic index.

»  Get effective temperature and luminosity from Hertzsprung-Russell MS correlations with mass.

» Find radius from luminosity and effective temperature

* Hence determine average density, and therefore core density from Lane-Emden condensation,
given polytropic index.

» Calculate core temperature assuming ideal gas model

* Calculate radial extent and then mass enclosed and density vs radial extent from Lane-Emden.

» Calculate pressure from ideal gas and polytropic model.

» Calculate temperature using ideal gas equation.

* Then calculate luminosity and convective stability using radiative and convective transport
models, and model of energy production (and opacity) via nuclear fusion.

Example
on next page!

Physics topic handout — Cosmology: Structure and evolutions of stars Dr Andrew French. www.eclecticon.info PAGE 5


http://www.eclecticon.info/

Numeric method for calculating luminosity
Idea is to add up contributions from a set of concentric shells, then scale the final luminosity so that it equals L, which we computed from the empirical relationship.

N = length(s.r); 1 = zeros(1l,N); fusion model = 'pp
for ?=i=1(517‘1} L AX = 2; AY = 0; AZ=0; B = 1; C = 4;
sShell width (in m) if ( TO>1.5e7 ) & (T0<le8)
dr = s.r(n+l)-s.r(n); [OF 2CNO cycle
$Mass of shell of width dr (in kg) : _
= fusion model = 'CNO';
dm = 4*pi*( s.r(n)~2 )*s.rho(n)*dr; Sm=4znr pdr Use the same temperature thresholds AX - 17 AY = 0; AZ=1: B = 1: C = 17:
$Contribution to luminosity (in W) using nuclear fusion power model elseif T0>’le8 ! ! ’ ’
yes = fusion_yes_or no( s.T(n), s.fusion_model); $Triple-alpha
if yes==1; fusion _model = 'Triple-alpha';
$Temperature is hot enough for nuclear fusion — AX = 0; AY = 3; AZ=0; B = 2; C = 40;
dl = dm * ( X_HAX )*( X _HeAY )*( (1-X _H-X He) "AZ )*( s.rho(n)"B )*( s.T(n)"C ); |5l=5m><X nytng ’”“"‘p'ng| end
else 2 4
eg.pp: le=n X pT
dl = 0; npp P
o AH =27‘4He =0’Ametal =O’ﬂ=157/=4

%Cumulatively sum luminosity (] 1 +61
1(n+l) = 1(n) + dl; ml n
end

%$Scale such that luminosity at surface is L

s.1 = s.L*1/1(N); Model run using masses between 0.1 and 20 solar masses. X =0.747,Y =0.236,Z =0.017 .. u~0.6m, ie.same as the Sun.

20 Enclosed mass vs radius fraction 3500 Temperature vs fractional radius 3500 ) Temper_ature vs radius ) 5 Luminosity vs r/R
—— MMsun = 0.1 — MMsun = 0.1 —— MMsun =0.1
— M/Msun = 0,18 s M/Msun = 018 s M/MsuN = 018
— MiMsun =032 3000 —— MiMsun = 0.32| 4 3000 —— Mibdsun = 0.32
—— MMsun = 0.58] —— MMsun = 0.58 —— MMsun = 0.58|
MMsun = 1.1 MMsun = 1.1 MMsun = 1.1
S i 2500 me 2500 e
= ——— M/Msun = 6.2 w —:ﬁaun:ﬁ.} v ——— MiMsun = 6.2
— : [ —— MiMsun = 11 Ry
3 e L & 2000 N —Wvam-m o4 2000 Tt
g 10 5 \ 5
2 [T} 0 —— MiMsun = 0.1
& = 1500 : 1500 ‘—M.M:::;n.m' 1
w = ——M/Msun = 0.32
7] MM =0.58™7
g 1000 | 1000 ﬂgﬂ:"hﬁ 0
500 | 500 _Eigiﬁ:lg'i
—— MiMsun = 11
= M/Msun = 20
0 0! 0 I |
0 02 0.4 06 08 1 0 0.2 0.4 0.6 0.8 1 14 0.4 0.6 0.8 1
R R R
10" Core temperature T  vs M/IM_ p 1 pg vs fractional radius «10° Core density p, vs MIM_ Radiation pressure / ideal gas pressure vs radius
2 i 1 T T T u 12 g9
—T,/5T72K :E&”E}; . p :E%::::Eii_
—CNO MM =052 10 3 o 1/3 . é 4/3 ] o
1.5/ — Triple o 08 Mitaun 11 & P P 9T o o T o P b =11
- MMsun = 1.9 £ p S MMsun = 1.9
MJMsunilld 3} 8 %72 M.’Msuniad lm|
w = M/Msun = 6.2 - 4 = = M/Msun = 6.2
Strange result of core temperature - 0.6 —— MMsun = 11 - - p 3 P R e - | —— MMsun = 11
[ ; " < —— MiMsun = 20 < Sl P C 2 —— MiMsun = 20
I dropping slightly as star mass Ny > 6 o
G increases. A glitch resulting from £ f @ A
= anim erféct MS correlation? T 04y This demonsiraiss ; é ) ; it
p ! the Lane Emden equation o 41 = So we can ignore radiation pressure
05 results in a ‘condensation’ g & . forthe lower mass stars, but not —
0.2 which is independent of 2 This is an interesting result. for higher mass stars. _
the star mass. Is it realistic for low mass stars? 5
00 5 10 15 20 25 0 00 5 10 15 20 6
0 0.2 0.4 0.6 08 1 “o 02 0.4 06 08 1
MM, R M"Msun R
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Luminosity, temperature gradient relationship for radiative heat transport, and opacity

Opacity is defined by:

The radiative flux (i.e. power per square metre)
through a radial element of thickness dr is

Convective stability

The Schwarzschild criterion for convective instability
(i.e. convection is likely to occur) is:

Radiative
process

Adiabatic
process

dTr
dr

rad

>_
dr

dTr

ad

3 Ax %dCD i.e. no heat is transferred T
Apdr | dd=d (o-T4) =—Kpdr x y— For an adiabatic process involving an ideal gas: €—— J « ;
r
= i = —kpdr / " xpldr Arthur Eddington d(PV7)=0
D w4oTdT =— e (1882-1944) T
R If density and opacity zr Voo—= PV’ o« P7T7 _% _s
= D =De constant - dT xpl P Y= PR
T == v
, . - dr  16zr’cT’ ~dPV)=0=P7yT"dT+T" (1-y)P7dP=0 .
i.e. fractional radiation flux (W/m?) ( ) "’ ( 7) for a fully ionized ideal gas
scattered by matter area 4 and ) y—1 TP y—1 dP
thickness dr, per kg Turns out this is not quite correct, as Note we know -.dT = P - o
of this matter, multiplied by area 4. one should integrate over all angles. T'and P vs 7 from Lane-Emden r "’ So convection in a star possible if:
The correct version of the Eddington Model t dT —1T dP
Equation for radiative transfer is: odel so we can Compu € cl— = 7/___ xol —1T|dP
Or a measure of the attenuation of e temperature gradien 3
the temperature gradient dr vy Pdr 3 Y% y—-ir
radiation, Since when: dT ,  Kkpl  ’> NérricT? y Pldr
Sl Sy
et =20 L0370 dr 167r°cT
- 0] - ~ . 0
kp e ‘ But if ionization is partial then ¥ — 1
2 3 i.e. assuming temperature Temperature vs fractional radius 8 ; iabati
s 167r°cT’ dT gradient is only due to radiative 3500 - k ——— 25 Tempferalt_ure gr'adu_mt difference from adiabatic
-3 / dr | transport. This is thought not to be 3000 o This simulation ke -oas
] P a good model near the star radius. b =055 2| appears inconsistent nos
Models of opacity 2500 mremo1s || S with current theories. Wi = 1.1
) Calculated opacity vs fractional radius MMaun =34 15" Low mass stars are e
But what is the constant?! 1 T ——MMan=0z 3 h i
e, & 2000 — g , Predicted T
Kramer’s opacity |k ~ KOIOT’l5 —— Mihsun = 0.32 E s " to be mostly convective. T MMeun =20
0.8 =t = 1500 @ 05 This simulation suggests convection only
‘Bound-free’ and ‘free-free’ scattering - it =t S "7 near the star radius. \
i.e. electron absorbs photon and is scattered. o6 | —mmnnit 1000 2 0
Appropriate in low temperature, low density stars £ | ens 500 ©
and radiative atmospheres. .-EM 0.5/
A e- § ‘ % 0.4 06 0.8 1 -1
.Ww>/ ,‘\)‘a ) 7 o Ty °e,\_}_“ R 0 0.8 1
\__ - 0.2 log, ( dTidr ) vs r/R
0 From Pettini’s lecture notes (a more modern Stars course!)
vy
21,-1| Xis Hydrogen mass . . . —bihsun =018 Convective transport
k=0 O2(1+X) m kg . 0 —— WliMsun = 0,32 onvective fra
N fraction of star 0 0.2 0.4 0.6 0.8 1 R Wihdsun = 0.56 Radiative transport
iR ~ ol
Low energy limit of Compton scattering. i.e. This figure is from by Uni notes from the 5 e S Qo /v2m
electron is scattered by photon, but photon Cambridge Part Il Structure and Evolution = -2 ——mun =11 |
changed in wavelength and scattered of Stars course. et =
Occurs in cores of most stars and atmospheres / e -
of hot stars. g
e &gy e T ok
Phdon  dacuages My Gt
dwetwpa | /
235 oY% ) V2 s :;.Z,%B R

Physics topic handout — Cosmology:

Structure and evolutions of stars Dr Andrew French. www.eclecticon.info PAGE 7


http://www.eclecticon.info/

mass enclosed / M

Hertzsprung-Russell diagram for 45346 near stars

Star data
pp

Supergiants

pp constant &
4 CNO T 4 ]
ey —Triple a
52 1 &2 |
< 3
= 3 o
2 0f 1= ol Giants
g . _8§ Main Sequence
-2+ . 4.1 pp 1 =) .
dlo’gL ~{-8.6. - CNO )
-4-|d(-logT,) s ; 7 White dwarfs
-9.5 Triplea
’ ' ‘ ‘ -6 4 . |
04 03, 02 01 0 01 02 P 0 02

-log, (T / 5778 K)

Gradients of HR diagram suggested by

homology relationships. The sunis at (0,0).

Hertzsprung-Rus;eII diagram for 45346 near stars

0.3 -0.4 /

Stars chosen for the simulations
described are indicated by the magenta stars

-log, (T / 5772 K)

0.4

See later!

Let’s run the Lane-Emden model for the Sun, to enable the core temperature to be estimated. 1
M, =1.989x 10%° kg X =0.747,Y =0.236,Z =0.017 osh
R, =696,340km | --#=0.6m, R

= ° = © =06
L, =3.846x10% Js" k=68 a=s <
T, =5778K = 04
Assuming ideal gas in core
A:_y,gﬁ M=4r’p,A R=ay, , 02
dy Yo 5 . AkT, _ Ro
p= M __dmaph_3pA 4nGup, \6.89 0;
LR Ay :
3 : 3T Y, Y e 7Gup, ( R,
P _ Yo "k 689 2500
P 3A M,
] Enclosed mass vs radius fraction Py =53.95 iR 2000
— M/Msun = 1 3TTo .
M X 1500
o—”G#[_Oj x53.95 % o
ky, 16.89 SR 1
) v = 1000 |
7_(,)=7Z'G/J[Ro j X53954 03
ky 9 SR 500 -
3x53.95\GM ,u Z
= ——— |——~1.18x10'K

0.8 1

R

«

Hertzsprung-Russell diagram, with star data colour coded by colour index for star

$Set colour index to have max and min values

Which matches the blue to red colour scale

B minus V = stars.colour_ index B minus V;

B minus V( B_minus V > 1.4) = 1.4;
= -0.33;

B minus V( B_minus V < -0.33)

%Calculate star effective temperature

using

Ballesteros' formula

(K)

$https://en.wikipedia.org/wiki/Color index

1

T= 4600Kx[

1
+
0.92(B—V)+1.7 0.92(B—V)+0.62J

pl Py VS fractional radius

— M/Msun =1

0.2 0.4 0.6 0.8
R

Temperature vs fractional radius

— M/Msun =1

R

Luminosity vs r/lR

5
’—.l:
?
=)
=4 0
=
=3
o
—M/Msun =1
-5 : :
0 0.2 0.4 0.6 0.8 1
R
0.2 Temperature gradient difference from adiabatic
—M/Msun =1
__ 015
£
<
® 01 Official solar model suggests
@ onset of convection is about 0.7
o solar radii.
5 0.05
5 But if ionization is partial then ¥ —> 1
5
0
-0.05 ' '
0 0.2 0.4 0.6 0.8 1
'R
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(Sit:ri:ttr;(r::lsn:f;c;uatlons in Lagrangian coordinates A sensible pre-solver step is to scale the Mass in shells Energy generation by nuclear fusion
.e. tions, so th led -li
Let's assume radiation-dominated heat transport, Z:#z;z:zl Zguaﬁocnosugrz inn?:m:';e:fr ﬂ = 1 dl — np“T?
but where radiation pressure can be ignored. dimensionless variables dm 471’r2p % =np
dr 1 R, dr 1 137k a
- - a1 _ . 1 3% L dl L M
dm 47rr2p @_4”7 x m/M’M_)MMO “m—>xMM, MM dx 47rr2pR2 M, MAZ d—:UP [4 ;3] ToﬂTﬂ
M 1) X gﬂ' °
Al _ . ers P _dP dr __ Gm 1>IL,, T—>TT,, r—>rR,, PP ar M _
am =np dm  dr dm drr 7Rs “dx_31’2,0 : ﬂ:gsz”T/’ Q=77% —Mo 7/
dar _ 3kl ;Z % ji =¢ 0<x<1 and fix M for a given solver. dx ' L, \4zR) ) °
dm 2567°r oT? medaram
P pk,T 4o T dpP _ Gm
- P + 3¢ dm 4nrt Convective (adiabatic) energy transport Radiative energy transport
kT dp , pky dT | 160 3 dT _ Gm ar_ . fy_ 1) u Gm dr _ 3x,p'T1 Radiative high 7 y =0,z =0
Yuodm  podm 3¢ dm  4xrt dm ¥ v ) pky v dm 256ﬂ2r4o-T3 0 Radiative low 7 y=1,z=3.5
dp _ u Gm pu dT[pk 160T3) . T, dr 1(1 1] u Gx MM, 1 T, dr  3xlp’T (M, Y L
P E g — —_— AN —— =l 1% - -z
dm k,T 4zr* RT dm 3¢ MM, dx v )pky ¥ RY . ;3 MM, dx 256ﬂ2r4GT3 ﬂRé o) RéTog
.dp__u Gm dT(p 16,uo-T2 37% >
" dm kT 4zr®  dm\ T 3kge _..d_T:_EM%C Ezﬁ[l—lj M, . d_T:_® Mip’ — 3K, M, LM,
3 — dx prt 3k, 7 )R, dx riT 2567°c\ 47R} ) RIT:™
Boundary conditions are: [m=M,r=R, T =T,
L=I(M)=4zR*cT}
Ide_a is to guess initial condi_ti_ons in qrder to Hydrostatic equilibrium The Schwarzschild criterion for
arrive at the boundary conditions which match convective instability (i.e. convection is
observables such as: \ dp u Gm dT ,D 16uc ., likely to occur) is:
o T T
M, =1989 x10* kg Idea is to work backwards from the dm RT 4nr m 8¢ dar dr dT dx dT dx
surface, and simultaneously from core to —_— > |— —_— > |——
R, =696,340km surface, changing the parameters until 4M23 J CaMM r v ar|., |drly dx dr|,, |dxdr|,
. he solutions converge. This is the ST P )7 X, dTr p l6uc ., »
L, =3.846x10% 8" | oo e aped by M. Schwarschid in e e o S+ T, Mip® M v
_ s —M"x ) -
TO 58K Toag cveioped by il Senwarzenid | MM, dx kT, 42r'R: MM, dx |\ $zRT, T 3ke ° 0L =210 sEmn
o~ , r'T ola T
__________ ; .'.d—p:—Mier3 u GM xM+ 1 dT 1 £+16/10'To 2
| Initial conditions to guess are: | dx PO kT 4R )T M dx SRS T 3kyeM,
L_&)’_n’_xo ______ | Ldp [ U 3GMoij2+dT[ +§7rRél6,uO'T; sz
Might be able to reduce the number? dx kyTy, R T dx 3kyeM
For continuity of opacity, assuming low energy 2
Compton scattering occurs in the cores of most stars: d_p =——w xM dT (p + AT j
s dx T dx
002+ X) > Kooy u 3GM, 647 R o T,
0.02(1+ X) This is what ... or could assign = , A=
=K, = ? we did in the at a lower T beyond the kBTO Ro 9kBCMO
Poto Lane Emden model ~ ©0re?
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A homological approach

Let’s further scale our (now dimensionless) variables /, r, T, p
to be further scaled by powers of M. Can we write each equation
of stellar structure in such a way that they are independent of M
and hence appropriate for all stars (in the Main Sequence) ?

[>MLr >M%, T>MT, p>M"p

da M
£_3r2p
MBﬂzﬂM’ZB’D
dx 3r’p
ldr 1
& 75
= B=1-2B-D

M (M, Y

& —amprr, Q=f7—o(ﬁJ g
dx LO E”RO

Adl aq f aD+pC
ML QM p T M

dx
Adl s
"E_QPT pp: a=1£=4
= A=1+aD+pC CNO: a=13=17

=|Ad-aD-pC=1 Triple-alpha: =2, 8=40

2
9 oL Lar
dx r'T  dx\T

u 3GM iZ647rRé,uO'TO3

0=—
RT, R, 9ReM,

.'.MDé—p:—a)xjy; M4B?C—MC2—T[MD{§+/1M2CT2)
X r X

|dp _@_LT[LWJ

=(D=2-4B-C= D+4B+C=2|
AND D=3C w_

5

Ignore this extra constraint if can ignore radiation pressure.
Otherwise this may invalidate the homology argument. 1«1

T M* 1) M
Radiative Non- d_ < =MX , = :E 1—=— of
- convective | 7, ,01’4 3R y RT
dT Ml p” o= 3k, M, LM, criterion - 0" 9
dx o e 256r°c | 47R) ) RITZ" - M€ ar ) M jc -D-4B
cdl Mlp" 4. \D—(z+3)C-4B ’ -
SME—= —@mM e dT =x
dx r'r d_ <——3 This yields the same
|dr _ elp’ Radiative high 7 y=0,z=0 * pr equation for powers of M as
“ldx AT Radiative low 7 y=1,2=3.5 =C=2-D-4B the density equation, so this

is consistent with our
=C=1+A4A+yD—-(z+3)C—-4B f =>|C+D+4B=2 homological approach.

= —A+4B+(z+4)C—yD=1 Kramer's opacity

Applying homology relations :

03 0 L4 1 We can now predict the 4 B

1 0 - -a|B| |1 gradients of the HR diagram! L=l M",R=r_M",

04 1 1]c| |2 logL=1logl_,+AlogM, logR=logr_, +BlogM

-1 4 z+4 -y )\D 1

-1 Use (sun scaled) luminosity vs radius and eg

4 03 0 ! ! effective temperature relationship: 4/ L—>i

Bl |1 0 -p -a|]|l L,
Tclfo o4 1 1|2 - LY

D) -1 4 z+4 —») L1 LzRTest:(Fj

LMY (1) A
! ol ][

Use a computer programme rx:lM ]

to invert this matrix e.g. / 4-2B

MATLAB. s.—logT, =—1log| == —(_—JlogM

x=1 4
logL =logl _, + AlogM
;ov:v ;naﬂss: I:‘)wyte:mlpiritl;resstar. pp chain fusion. . dlogL B dlogL ) dlogM - 44 | 2
S " d(-logT) dlogM ~d(-logT.) A-2B |1-2B/4
L e M545’ R OCMO.O77, ]z] (X:MO.92’ pO q:M0.77
HR diagram

High mass, high temperature star. CNO fusion. predicted
a=1B=17y=0,z=0 gradient

—4.1 pp

LocM®, ReM™, Tyoc M™, pyoc M| | dlogl ] ¢ \o

High mass, higher temperature star. Triple alpha fusion.

d(-logT,) "

-9.5 Triplea

a=2, =40, y=0,z=0 /
L(X:M3, RmMO487’ ]’(v] (X:MOJS’ po mM*1.6

Physics topic handout — Cosmology: Structure and evolutions of stars Dr Andrew French. www.eclecticon.info PAGE 10


http://www.eclecticon.info/

Note if one knows the star mass then this yields

Eddington stellar model P= M + 4_0- T o Eddington’s Quartic for the fraction g of total pressure
In the Eddington model, define a parameter which sets the M 3¢ I E;if:&n that is gas pressure
ratio between gas and radiation + gas pressure, and assume /' 34
this is a constant throughout the star. Ideal gas ¢ _n A kBC
V4 G3ﬂ4M 1 4
3 PR A
P, =pP=p(P,+F)=F,(1-p)=pP, 340 (w2 Y L) 2 m, 6X+Y+2
(B+B)=E YR ECADIL (37) i M g -
’DkT(l ﬁ)=ﬁ4_ar4 4zG |\ 3A |y L +df—¢=0
3¢ I ©
1 3k4c 1- ﬂ :
N 3kyel-p 3'0% M®:1.988><103°kg 61:(40_24 7)
dou p k, =1.381x107 JK"! .
2 1 _2 : 1
G=6.674x10" m’kg's” ' (47) (3kic Y (wi)® | (1-8Y
3k, ﬂ l =5.670x10° Wm>K™ M= NEEINIL 4
7| 3kse o 0 =5.670x m 7G \ 4oy 3A B g
4ou ﬂ m, =1.673x10"" kg . g
1 2 1 o
P, =2.998x10° ms™ e e ke V| (1=-B8Y 5
pP=-£ 1—'; phsT Ideal gas ¢ X7 ms SM = 1X3333X233(% A° 4ﬂ £
P ou'G B £
o
3 L|J
’OkB ﬁ g 4 3 : e
P = - 3 . 3 3 3 k C 3 1 — ﬂ
ﬂ:u( ou P M=) X 32 (O’,LIIZG3JA (ﬂ4
3k4C l—ﬁ ; 1+1 1 1 ! !
~P= [40_24 ﬂ4 P o i.e. a polytrope of order three M= 717x3" %2 %c Z A -8 0 02 04 3 06 08 !
O-/,l G3 ﬁ4 *
Solve using a numeric root-finding method
1 1 1
For polytrope: p= ap1+i _ (112; 1;23]3 2l st 2(;%23 ]2 AJ{ lgsz Eddington fraction / of total pressure that is gas pressure
S| 4B (v _1(4 Yy 7 g LaneEmden mogel | M= 2 Ak (Pﬂjz |
= ST) Y, using Lane-Emden mode . [ 3 44,2 2
4rG 3A ’ ’ for n =3 polytropes M, oG M, B 06
W, =6.90 M 180 (1- p : Solar parameters -
A=2.02 ”Mo - p 2 ’34 X =0.747,Y =0.236 04
S =0.6m '
(mp J \\ P
M4 0.2
But setting fto zero doesn’t m, 60X +Y+2
yield a finite upper limit for star M=M | |
mass, as this would imply an o 9396 00 50 100 150
. infinite mass. £ =0. M/ M
Arthur Eddington So radiation pressure not so important for stars sun

(1882-1944)

of small multiples of solar masses.
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Eddington limit for star mass: When radiation pressure balances gravitational attraction

Hydrogin mass fraction 0.23 (M/MQ )2'3 M/Mo <043
4
L M/M 043<M/M_ <2
dT =~ 3’D—Kl Radiative energy transport. For hot stars, assume constant opacity x ~ 0.02(1+X) m2k Line of best |7 ( / O) / ©
dr 64zrcT’ ine of best | 1 3s
ft yields 1.4(M/M,) 2<M/M, <55
pP= 4_O'T4 If radiation pressure . L M ¥ A/
e dominates From homolog3y, for the most luminous stars - ~ 5.78[] 32,000 M/Mo M/Mo > 55
dP  Gmp . o L M ° ° } o o
g =- " Hydrostatic equilibrium L_ = M_ Consistent! Emplrl_cal luminosity vs mass relationships
© o = 1.989x10%° kg from binary star observations
3
dP dP dT - L — Lo [Mmax ] R@ = 696, 340km
Car T drdr ) M, L, =3.846x10® Js'
dP 160 ., 3
at’ _1%0 T. =5778K
T 3 § 47rcGMmax _ [M j o
_dP_160 .y dT _ 160 . 3pxl M

Lower limit for (main sequence) star mass

Sun core temperature (7, =1.5x 10K

3
N dr 3¢ dr 3¢ 64rricT? 47Z'CGM3 47z-cGM
. d_P - pKl
dr 2

drrc

pxl  Gmp M M 47x3.00x10° x6.67x107" x1.99x10%°
- 2.7 2 .- = Minimum temperature for nuclear reactions chain) to occur
amr’c v 0.02x (1+0.0)x3.846 x10%° L (pp chain)
Gmparr’c 4rxcGm T, ~4x10°K
= /z = M = 190M guess that H abundance is 70%
r pK K i.e. similar to the Sun .
From homology argument, core temperature scales with mass
= AncGM,,. (for low temperature stars undergoing pp chain fusion)
K This is actually a bit of an overestimate. A better estimate is 100 to 120 solar To oc M
masses. For the hottest stars, electron scattering is not the only source of
opacity. The effects of incomplete ionization in the atmospheres of the hottest Hence:

stars increases the opacity, which in the simple model of constant opacity used 0.92

above, means the maximum star mass should decrease. We would also need Tmm Mmjn 4 \o5
! , —mn | | = M~ ()7 M = 0.2M,

to model the effect of varying Y and Z values too on the opacity T M 15 o ©

model, since at high temperature, scattering resulting from bound-bound 0 ©

transitions in non-hydrogen atoms might contribute to higher opacity.

(Pettini Lecture 10).

];) e M0.57

Note if use constant opacity:

M = (£)7 M, ~0.1M,

According to Pettini’s notes (Lecture10), the limitis more
like 0.08 solar masses. Wolf359 is a red dwarf in the
constellation of Leo and is calculated to have a mass of
0.09 solar masses.

Arthur Eddington
(1882-1944)

G=6.674x10" R=8314Jmol'K' 6=567x10" Wm’K™ Physics topic handout — Cosmology: Structure and evolutions of stars Dr Andrew French. www.eclecticon.info PAGE 12
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The gravitational potential energy (GPE) of a polytropic star

Firstly calculate the GPE of a spherical mass of constant density
(this is a polytropic index n of zero)

dU =— Gm x4nripdr U= _4”G.[0R mr pdr

r
p = constant
Sp=—=s, m=igrp
$7R

~U= —47[GLR (% 7[1"3/)) rpdr

2
.'.U=—47rG(L ix Rr4dr

3
7R’ 0

2
"U=—4nG| M| spips
iR
GM?
Au=-2
R n=0

It can be shown that this is a special case of the
more general Betti-Ritter formula for a
polytropic star of polytropic index n

Proof of Betti-Ritter formula

2
U = _J'R Gmdm | 1 GJ'R dm Build up GPE by assembling
- - 2

0 7 (U shells of mass dm
2 2 2 2 2 2
d[m_J:rdm 2m dr:dm =d[m—J+m—2dr
r r r r r
2 2
m m GM R Gm
U:—%G 0 (d[TJ—FerVJ:—%T—%J‘ ) d
ap _ Gmp R
== Hydrostatic equilibrium
dr r
_Gm _dpP
Poop
e
U _%L %J'Rﬁdp
R " p

Consider polytropic pressure vs density variation:

P=ap™ |.. d?P = (—n;rljap’l’ldp

d[zj = %ap’lfldp
P

2
Hence: |U=-1 G];I +5i(n+ l)J-OR md (fj
el

Integrating by parts:

R
R P P RP
_[ md(—j = {m—} —J. —dm
0 Y Pl 0P
Assume pressure tends to zero at the surface

of the star, and the mass enclosed is
definitely zero at the centre of the star.

R
Hence: {mﬁ} =0
Pl

ay = 4m

ol

Shell volume element

JORmd[EJ:—jREdm:—IORPdV

P " p

Now  d(PV)=PdV +VdP
. R R R
..jo d(PV):jO PdV+j0 VdP

If pressure is zero at star surface
and enclosed volume is zero at the
centre of the star:

jORd(PV) -0

So IORd(PV) 0= —j: PdV = j: VdP

2
Hence: U = —%—G]g +%(n+1)JOR md [BJ
P

dP _ Gmp
U GM* dr P
R

+L(n+ )| vap e

2

M -
U=-1 +%(n+1)jR§ﬁr3( G’Z”pjdr
0 r .
V=4%rzr
GM* R Gm 3
1M _um 2
U=—3 2 +6(n+1)J.0 . x4zxr”pdr
GM’ & Gmdm \
Uz_%T_%(VH‘l)J; - dm=4zr’p
2
U=-1 +i(m+DU \U__JRGmdm
GM? S
U(l-in-1)=-1
(1-tn-p)=-1 %
2
U(6-n-1)=-3M
R
1U =— 3 GMz Note we could use
’ - 5-n R — P thisto find the total energy

Virial theorem states that force between
any two particles results from a potential

of the form
KE) =-4(PE)

E is total energy

k
V=— then
r

E=(KE)+(PE) ..E=(1-2)(PE)

| Note we have not needed to invoke any ideal gas assumptions! For an isothermal I

: change involving an ideal gas: . Integrand zero throughout

| PV = NkBT = d(PV) =0 ifdT =0 Io d(PV)=0 ir1tt|his_tcase, not just integral I
at limits

[ |
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Degeneracy pressure and the Chandrasekhar limit for the mass of white dwarf stars 12m A ) b " ) hite dwarf
_ » ssuming carbon atoms are in a white dwarf,

A Main Sequence star of mass less than about 8 solar masses will eventually swell to Po = 4y what is their spacing x in the core?
a red giant and eventually dissipate, leaving a white dwarf and ultimately a black 3
dwarf. Unless the red giant forms a binary with a white dwarf and transfers mass 12m 167°A2( k.T 3
such that the white dwarf exceed 1.44 solar masses. This results in a Type 1a £ = > 50
supernova, with no remnant. irx M 7Gu
Let’s firstly explore this limit using the Lane-Emden equation. It can be shown that the 9m M2 3 _
more massive white dwarf stars can be modelled by polytropes of index 1 =3 (i.e. just like I PP i zGu Let's assume a white dwarf explodes when the core Subrahmanyan
MS stars). Lane-Emden suggests a condensation of 53.95 for these types of stars. 167°A*  k,T, temperature is high enough for carbon fusion, i.e. Chandrasekhar
T ~6x10°K (1910-1995)
n 0 1 2 3 4 P 0
=a
v, J6 7 435 689 1493 o Vo \ v
M =4nor p)A ; -
Using M =1.4M
299 o6 & 241 202 180 17 9 ©
dy, — 29
7o dy 5. x=33x10"7m <«—— Thisis two orders of magnitude smaller than atomic size, but about 300 proton radii
£ 1 1z’ 1137 5395 617.50 oo vo
P 3 ' ’ ' S R= 0~09Ro <—  — This is about 10x larger than the ‘official’ values

. _ 8 34 o ‘official
Let's assume a maximum core density such that the ‘nuclei are (almost) touching.’ 7Py =1.4x10" kgm This is about 10x smaller than the “official’ values

This means a minimum spacing of about x = 10-'® m, but it could be rather more than this

for the potential for runaway carbon fusion. i.e. let's try a slightly higher temperature!
T, T, =9x6x10°K
m, 1.67x107% 3 - 3 Note: Rocqoc L 0 _
Py = 7 3 3 kgm ~4.0x10 kgm Po x=37%x10"m So we can get sensible numbers
X 571'(10715) —> for carbon nuclei spacing, white dwarf
3 ; " R=001R radius and density (see more accurate
P, Ty = Roc _03 ’ © calculations on the next few pages)
Assuming white dwarfs are mostly carbon and oxygen 4m 0 S Py = 9.4%10" kgm'3
X,Y =0 meaning average molecular mass per electron is: |t =——%2—= m,
6X+Y+2 AR o i For a fixed star mass, given

T Lane-Emden model and
0 Assuming an ideal gas.

Lane-Emden predicts the following formula for the star mass | M/ :47ra3p0A

A ,do kT, (3 + 1) Derivation of the Chandrasekhar limit will firstly require a model of degeneracy pressure
= — —_— a = A S —
0 dy vo 4xGup, Although a white dwarf is no longer hot enough for fusion to occur, assume its constituent (probably carbon and
oxygen) atoms are hot enough for electrons to be ionized. We shall model a white dwarf as being a sphere
k H of mass M and radius R with a ‘sea’ of free electrons occupying the space between the nuclei.
—4r 51y (3 + 1) A Consider a cube of side length L of this ‘electron sea.’ Let’s assume the wavefunction of electrons
47[G,Upo 0 has a de-Broglie wavelength such that whole number multiples equal L
) 3 S L=nA, n =1273..
. M _ ( kBYZ) J L But this assumes an ideal gas at the core ... o Planck’s constant
. 242 This is perhaps not a good model for . _ : ; i — =1 _ 34
167°A 7Gu R white dwarfs near the Chandrasekhar Using the de-Broglie relationship: p, h/ix hence P, =7 nh h=6.626x10""Js
3 limit, as electron degeneracy pressure Ld
1672'2/\2 kBTz) will become the dominant factor which The number of momentum states between p,and P+ dpx is dnx = i )
Po = —M2 _G resists gravitational collapse. ’ h i-6. a shell
zGu

Ddp dp_d, r - in momentum
Generalizing to 3D: dn dn dn_ = =P8, 0P _ 4z pidp space

h’ h’ ~ p=\pl+p;+D

https://en.wikipedia.org/wiki/Chandrasekhar%27s_white_dwarf_equation
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Now electrons are fermions, which means a maximum of two As a white dwarf increases in mass, we might =
electrons can share the same momentum state in one region of space, expect it to get hotter a”?’ therefore th_e.el.ectrons to mqve Mo =1.988x10 kg
as long as their spins are opposite. This is the Pauli Exclusion Principle. Laasstearllaﬁn;ﬁ:i ?:ge\glIIO;(-)"a;;:t.relat/wstlc speeds, which kB —1.381x102 JK
Hence the (maximum) number density of In this limit: G=6.674x10" m’kg"'s” Recall the Lane-Emden
momentum states is: ' ) g P results for a polytropic star
P [ 1 pen(pydp = [ 1 pe 704 0 =5.670x10" Wm?K
2 - I 3 pcmp)ap = I 3PC p n
dnxdn}ydnz _ 2x 471'3p dp — n(p)dp 0 0 n m = 1.673x107 kg P ap“"
L h 8mcprr 5, 8mc 4 2mc 31
87 p* _W . P p_12h3pF_3h3 Pr m, =9.109x10"" kg n 15 3
pp)dp == dp 2ECl s e\ ¢=2.998x10" ms’ v, 365 690
Wolfgang Pauli _ _3(%(%) ni”h) N o
(1900-1958) 3h h=6.626x10"1Js w2 271 2.02
. . . . 1(3)" 4/3
Let's assume the maximum momentum in the electron system is p- S\P= g(;) hen, Vo
(we'll call this the Fermi momentum), this means the total Lo
Lo = 599 54.16
electron density is p
. 87 o 87 | If the m?ss per electro.n ionized is U for a mostly C,0 11~ 2m
n,= jo n(p)dp = ? . dp = _3h3 Pr then white dwarf density p=n,u composition L4 R=ay,
. _1(3\3 13 We can therefore express this electron degeneracy pressure M =47ra3p0A
SON
“Pr = 2\% e in terms of white dwarf density: 46
A=—yl—
Yo
; H ne = p/lu Yo
If the electrons are moving at speed v, we can Enrico Fermi P l//3
calculate the pressure P resulting from the rate of (1901-1954) L3 h Lt lassical i.e. polytrope of n = 3/2 20— ﬁ
change of momentum of electrons. i.e. consider a tube %(;) P P classica P
of 1m?2 cross section of length v, with momentum p, - P= H a(n . 1)
and vn(p)dp electrons with this momentum or L he 1 L ) a= p%—l
- IP :J‘ %pvn(p)dp g(;) 7 P 3 relativistic i.e. polytrope of n =13 47G 0
Note the factor of 1/3 to average over 0
x,y,z directions, since, by Cartesian to spherical polar conversion
8z p’
(v, + v, +pv)dpdp,dp. = [ pyxdzpdp n(p)dp = hf’ dp
2 _ 2.2 L am
R =a (//0 a(n + 1) 1//3 -1 (4 )Fl , 3-n ML_I RE:dt'_”s vz.mass
In the » » 2 {r 2 aln+1 ] CIR=| ————2 | 22 ir ! v, n-= relationship )
non-relativistic limit: .. P = jo " 1 pva(p)dp = IO ! %Z— h3p dp R*= EL;TG)’DO”IVI‘? 47G | 3A for a polytropic star
V= p/ m, . . N 1 This is undefined for n =3 (see next page!)
Pr n n
P:3 R jo p4dp:15 e J Rz_a(n"_l)('//o] M e
= 0 2
m, m, 47G | 3A 47R’ For classical limit, , _ L(i)% h
3z 3 s 13 | using n =3/2 08T P
p= (L 3 ni/3h) —1(3)? 5 3\ ‘ N
15meh3 2(;:) Pr 2(;;) e R :a(n+1) Y (iﬂ_)F;V/zM%A . T Yy
2 2 4zG  3A ’ 0 9 : LK
pP= 87 (i)gh_nsn _Lz(i)gh—nm 1 R= —8192 7 W A' —— = 7762 —1 vYY;
- e - 3
480 7 m, PN SN o 7 Gm i 44M
: ‘ 4 (}’l + 1) Yo s N 2| =
i, R=| ———=| — (? 7[) Vo M So a white dwarf approaching the A strange result!
pP= %(%)3 —n, 4rG 3A Chandrasekhar limit is about the The more massive a white
m, size of the Earth (6371 km). dwarf is, the smaller it gets!
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For the relativistic case (n=3) l n

15 3
1
R a(n+1)(yy (47) Fpim v, 3.65 6.90
TTanG l3n) BTV ’ A 271 202
n=3=2+2-3=0 P 599 5416
s P
+1 3y 1 I

1= agnG){Z//ij (%ﬂ)l ! l//jM " onlyif n=3 Lane-Emden results

TT

a(n+1 3\ i ! v he
M = g”G)[;/[ij (47) " vs a=4(2) —x

Looking at the Chandrasekhar limit from an energy perspective

To keep thing simple, we’ll assume a constant density, rather than use the Lane-Emden results.

2 h2 s .
%(2) —=5p°  classical
pP= m,p
1(3\173 he 4 .. Perhaps a better
§(;) —s P relativistic approximation is to use
3PV

(assuming KE contribution is than just PV as in Pettini.

degeneracy (1/3) pressure x volume)

Betti-Ritter formula

M: /\'\/g (hc4j zl44Mo a(n+1) 3 -1 | nr:l
32\ Gu' M= Dol (s2) 7w
— — 47G |\ 3A
Which is the Chandrasekhar Limit. If a
white dwarf's mass exceeds this, then 3
runaway carbon fusion will result in a (313 he 3-1
Type1A supernova, with no remnant! §(7) 473 (3 + 1) 3\i1 1'
M| ] ) v
4nG 3A
Returning to the classical limit: 3
2 3/2 23 1_22 1 2 %
M -1/3 M = Gflci ] ((//0’3“*2) A [2’1’”4/3 x37 71'777“7:|
. o 2 % %
~s “=gi) s (BY)
M [ R J Gu' )
1.44M, | 7762km Ly - ANB [ e : M, =1.988x10" kg
- Ry w AR NACT k, =1381x107 JK"
So———3 R = —— | 37
1.44M ° 7762km ) ° G=6.674x10" m’kg"'s”

M AR =47 x1.44M  x(7762km)’

4 R3 3
AMSER g 44 T2 ) <260
M, 7R

m, = 1.673x107" kg
m, =9.109x107" kg
¢=2.998x10° ms™
h=6.626x10"*Js

So the product of a white dwarf
volume and mass is a constant.

o =5.670x10"° Wm?

KA

B R R R

Chandrasekhar mass = 1.4366 solar masses.

White dwarf radius R (in km) = ( 7762.3281 km )*
White dwarf density at core assuming classical n=3/2 model: 8.73e+09 kg/m"3
White dwarf density at core assuming relativistic n=3 model: 7.9e+10 kg/m"3

White dwarf mass in solar masses x white dwarf volume in Earth volumes 2.598
IR R RS S S SRS S S S S S SRR S S S SRR EE SRS SRS E SRS SR EEE S SR SRR EEEREEEEEEESEEEEEEEEEEE S

MATLAB code outputs

(M/M_ch)~ (-1/3)

GM? &
— 4 3 3
E—PX§7Z'R ~ 5 R
5
2 3 2
2 h M GM .
15(2) = ~ | 42R-4——  classical
mp\ 7R
E= .
13 he M Y GM* .
313 =5 ~ | 47R -3 — relativistic
H\ SR
A B . o o
c ¢ classical Non-relativistic limit has an energy minima at:
2
gk R dE _ 24, B _ 24 _B _ . 24
A —-B, o dr R R R R B,
R relativistic
2 3
z h M
—_34,.1(3)3 _6 2
4,=347m55(2) o e B. =5GM
mp\ 37
3
s he [ M
A = %%%ﬂ(%) | ;B =3iGM’ Relativistic energy expression
37 has no minima, and negative
4 when B, > 4,. We can interpret this
3 he [ M as the Chandrasekhar mass limit.
Ar:Bl %%%”(2) 3| 1 :%GMZ
uo\5r
13 he 1Y 2
314 3 _Af3
7§3”(?) 3Gu'? o =M
2 UH 3T
N 3
3 2 i.e.an
s 314 g3 he 1 | 3 he | Jorestimat
M= Eggﬂ'(;) 3G 3 ; —m G % ~0154Mo :rgn?r‘le.z;mae
2UH 3 H solar masses.

R, =696340km  ..7762km~0.01R,
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Classical limit of total energy expression: 10™ Energy of white dwarf: MlMsun =1.44 A; _ﬂ classical
24 3 T 1 ' : E= R R
R=—= : —Classical A -B, L
BC 2 . — Relativistic| | R relativistic
5 1
i MY 1 ' ' 2 3
A =347 (3y ——| —|; B =%GM’ I : h M| 2
() meﬂw(;ﬂ} o A | Amtirg() | ] B mtom
2 ]’l2 M N l]c.) 1+ ! =1 1 3
Ix34 7,1 (3) il o | 3 3 he (| M ) 2
17 (3) m,um(;‘ﬁJ & i R~a439| — M1 km A4=3337(2) —| | ¢+ B=iGM
S R= - © -2 ! 1.44M | H 37
SGM? = : T e
N -3 1 M =1.44M 1
“R= 7[1*%*% % 2“2*2*1*?*1 % 3*”%*”%“ %57 x 7h—5/3M*% : R 44309 104 Energy of white dwarf: M/M_ =2
Gm, 4r | 22220697 4 ! | ,
e : R, 6371 : — Class.lc.al. |
S R= 72'7% X 27% X 3% x5'%7 WM% -5 05 1 15 5 : Relativistic
e 1
3x81 ) A oo 2 R
X : -1 > 1
R :( j M o
125x81927* ) Gm 1" 1042 Energy of white dwarf: M/IM_, = 0.1 g .
_1 6 T T L.m E :
M ’ — Classical g 5 '
SR z4439(1 YTV, j km 51 — Relativistic = !
. ° : -8+ 1
o 4 1 | :
3 R 4439( 01 jzk : " '
23t & = m 1 ‘ ! ‘
This is a factor of 1.7 out compared to the Lane-Emden result % 1.44 : -12 0.5 : 1 15 5
— 2+ R 10800
| ; i3 52 e X 1700 R/R .
(9 b M 2 R, 6371 .
R= 4 !’//OA 57 7762 km 1 ' Classical limit of white dwarf radius vs mass
81927 Gm 1 .44Mo ! 80 . :
Ok e e e === ‘: 70
1
-1 I 1 L 1 60
m 0.5 1 15 2
M, =1988x10" kg RIR . é)Ecso
ks =1.381x107% JK! . S 40
G=6.674x107" m3kg'ls'2 no 15 3 For energy method 3 he ’ > 30/
' v, 3.65 6.90 Chandrasekhar mass ——=| — | ~0.154M
o =5.670x10"° Wm?K* A 271 2.02 estimate is: 72048 G 201
_ 27
m, =1.673x10" kg Po 599 35416 which is 9.4 x smaller than 10
m =9.109%x107" kg P 1.44 solar masses, which is the correct value. 0 . ‘ 1
¢ 0 0.5 1 1.5
c=2.998x10° ms” MMaun
_ 34
h=6.626x10"Js Physics topic handout — Cosmology: Structure and evolutions of stars Dr Andrew French. www.eclecticon.info PAGE 17
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